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Abstract. The paper is a complement to the survey: M. I. Ostrovskii "To- 
pologies on the set of all subspaces of a Banach space and related questions of 
Banach space geometry", Quaestiones Math, (to appear). It contains proofs 
of some results on stability of properties of Banach spaces with respect to 
the geometric opening stated in the survey without proofs. 

Some results of the present paper are of independent interest, in particular 
the description of a predual property of the Banach-Saks property.0 

The present paper is a complement to the survey [01]. It contains proofs 
of results stated in [01] without proofs. 

Let us recall some of the notions from [01] and fix some notation. Let 
X be a Banach space. The closed unit ball and the unit sphere of a Banach 
space X are denoted by B{X) and S{X) respectively. Recall that the density 
character of a topological space X is defined to be the least cardinality of 
dense subset of X and is denoted by densX. We shall denote the set of all 
closed subspaces of X by G{X). 

Suppose F, Z G G{X). Let 

eo(F, Z) = sup{dist(i/, Z): ye S{Y)} 

n,{Y, Z) = sup{dist(i/, S{Z)) : y G S{Y)}. 

It is clear that < 60(1", Z) < ^^{Y, Z) < 280 (F, Z). 
The opening between Y and Z is defined to be 

0(F, Z) = max{eo(r, Z), QoiZ, Y)}. 
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The spherical opening between Y and Z is defined to be 
n(Y, Z) = max{Qo(y, Z), Qo(^, Y)}. 

We shall not distinguish terms "class of Banach spaces" and "property of 
Banach spaces" . 

Let P be a class of Banach spaces. Class P is called stable if there exists 
a number a > such that for every Banach space X and every y, Z e G{X) 
the following implication holds 

{Y e P)&(e(y, Z)<a)^{Z eP). 

Class P is called extendedly stable if there exists a number o; > such that 
for every Banach space X and every Y, Z E G{X) the following implication 
holds 

(Y e P)k{eo{Z,Y) <a)^{Z e P). 

One of the methods of establishing of unstabihty presented in [01] is 
based on the following construction. 

Let Y and Z be Banach spaces and let T : S{Y) S{Z) and D : 
S{Y*) S{Z*) be some surjective mappings (we suppose here that such 
mappings exist). Let us introduce on the algebraic sum Y (B Z the following 
seminorm: 

p(y,z) = sup{\y*{y) - {Dy*){z)\ : y* e S{Y*)}. 

Seminorm p generates norm on the quotient of y © Z by the zero-space of p. 
Denote the completion of this normcd space by X. 

By properties of D the spaces Y and Z are isometric to their natural 
images in X. It is not hard to verify (see [01], 6.14) that the spherical 
opening between the images of Y and Z in X is not greater than the following 
value: 

sup{[y*(y) - {Dy*){Ty)\ : y e S{Y), y* e S{Y*)}. (1) 

Let us introduce the quantity kiY, Z) as the infimum of quantities (1) taken 
over all surjective mappings T : S{Y) -> S{Z) and D : S{Y*) S{Z*). If 
such mappings (at least one of them) do not exist we let k(Y^ Z) = 2. 

Let us observe that the value (1) is not greater than 2 for every Y, Z, T, D. 
So k{Y, Z) <2 for every pair {Y, Z). 
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Following M.I.Kadets [K] we introduce for every pair (Y, Z) of Banach 
spaces the value 

dn{Y,Z)^ M^n{UY,VZ) 

where the infimum is taken over all Banach spaces X containing isometric 
copies of Y and Z and over all isometric embeddings U : Y ^ X and 
V : Z ^X. 

Arguments above show that da{Y, Z) < k{Y, Z). In [01] I asserted that 
these values are equivalent. Now we shall prove this assertion. 

Proposition 1. For every Banach spaces Y and Z the following inequal- 
ity 

2M^{Y,Z) > k{Y,Z). 

is valid. 

Proof. Prom the inequality k{Y, Z) < 2 it follows that we may restrict 
ourselves to the case dn{Y, Z) < 1/10. 

Let e be an arbitrary number of the open interval (0,1). By definition of 
dfi there exists a Banach space X containing subspaces isometric to Y and 
Z (we shall still denote them by Y and Z), for which 

n{Y,Z) <da{Y,Z){l + e). 

We shall use the following definition. Subset L of a metric space X is said 
to be T-lattice (r e R, r > 0), if the distance between each two elements 
of L is not less than r, and is said to be maximal T-lattice, if L is not a 
proper subset of any r-lattice in M. By standard application of Hausdorff 's 
maximality theorem it follows that every metric space contains a maximal 
r-lattice for arbitrary r > 0. 

Let {VajaeA be a maximal (2(l+£)Q(y, Z))-lattice in S{Y). By definition 
of maximal r-lattice we can find such subsets Ba C S{Y) {a e A) that the 
following conditions are satisfied. 

(a) Ba contains the intersection of S{Y) with the open ball of radius 
{1 + £)il(Y, Z) centered at y^- 

(b) Ba is contained in the ball of the radius 2(1 -|- e)Q.{Y, Z) centered at 

(c) Sets Ba are pairwise disjoint. 

(d) U^^ABa = S{Y). 
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For every aE A we choose Za G S{Z) such that \\za — ya\\ < (1 + 
e)Vt{y, Z). It is easy to verify that {za}a&A is a 4(1 +e)VL{Y, Z)-net in S{Z). 
Let us denote the intersection of S{Z) with the ball of radius 4(1 +£)Q(y, Z) 
centered at z^ by /?„ (a G A). We have S{Z) = U^gA-Ra- 

Since we may (and shall) assume without loss of generality that Q{Y, Z) < 
1/2 (see remark at the begining of the proof), then densF =densZ (see 
[KKM] (Theorem 3) or [01] (section 6.27.2)). Therefore by condition (a) 
cardi?a = cardSo,. So we can define a mapping T : S{Y) — > S{Z) in such 
a way that Ti/a — Za and T{Ba) — Ra- It is clear that this mapping is 
surjective. 

Let y* G S{Y*). It is easy to see that, if we extend it in a norm-preserving 
manner onto the whole X and then restrict this extension to Z, then the norm 
of the obtained functional is not less than 1 — O^oiY, Z). 

Let {y*}^(ic be some maximal (2(1 + e)Q,{Y, Z))-\aAX\ce in S{Y*). It is 
easy to see that there exists subsets B* C S{Y*) (7 G C) satisfying the 
following conditions: 

(a) B* contains the intersection of S{Y*) with the open ba 11 of radius 
(1 + e)Vt{Y, Z) centered at y*. 

(b) B* is contained in the ball of radius 2(1 + £)Q(y, Z) centered at y*. 

(c) Sets B* are pairwise disjoint. 

(d) u.^cb; = s{Y*). 

Let {/^j^ec be some norm-preserving extensions of functional {y*}.y^c 
ontoX. Let = /^Iz/IIAUII- Show that {z;}^ec is an (10(1 + £)(](F, Z))- 
net in S{Z*). 

Suppose the contrary. Then there exists z* G S{Z*) such that | jz* — 2;* 1 1 > 
10(1 + e)VL{Y, Z) for every 7 gC. 

Therefore for every 7 G C there exists z^ G S{Z) such that 

\{z* - f,/\\f,\z\\){z,)\>lQ{l-re)n{Y,Z). 

Let g be some norm-preserving extension of z* onto X. Let y^ G S{Y) (7 G 
C) be such that \\z^ - | < (1 £)Q(Y, Z). We have 

\{g- f,/mzmy,)\>^(i+emy,z). 

Therefore 

WmzMv-yiW > ii-niY,z))8ii + e)n{Y,z). 
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Since we assumed that fl{Y, Z) < 1/2, then 

\\mzMY-y;\\>^i + e)n{Y,z). 

Since the lattice {y*}^QC is maximal, it follows that for some 7 e C we have 
\\9\Y/\\9\Y\\-y;\\<'2{i + eMY,Z). 

Hence 

\\y;-\\fM9\Y\\<^{l+eMY,Z)+\\g\y\\{l/\\g\^^^^^ 

This contradiction proves the assertion concerning {z*}^gc- Let us denote 
the intersection of S{Z*) with the ball of radius 10(1 + e)fl{Y, Z) with the 
centre in z* by R* (7 G C). It is clear that S{Z*) = U^gc-R*. 

By n{Y,Z) < 1/2 it follows (sec e.g. [02]) that densF*=densZ*. There- 
fore for every 7 G C we have cardi?*=cardi?*. Hence we can find a mapping 
D : S{Y*) S{Z*) such that D^/;) = 4 and D{B*) = R* for every 7 G C. 
It is clear that D is surjective. 

Let us prove that the mappings D and T give us the desired estimate. 
Let y* G B* and y e B^. We have 

\y*{y) - {Dy*){Ty)\ < 

\y;{ya) - y;{y. - v) - {y; - y*)y - (^(^a) - z;{z^ - Ty) - {z; - Dy*) {Ty))\ < 

\y;{yo,) - z;{za)\ + 2(1 + 6)Q{Y, Z) + 2(1 + e)n{Y, Z)+ 

4(1 + e)n{Y, z) + 10(1 + £)n(y, z) < 

\fj{ya - za) - (A - K)(^a)\ + 18(1 + e)n{Y, Z) < {1 + e)n{Y, Z) + n{Y, Z)+ 
18(1 + e)n(Y, Z) < 20(1 + e)n(Y, Z). 

Hence 

k{Y, Z) < 20(1 + £)Q(y, Z) < 20dn{Y, Z){1 + ef. 

Since e is arbitrary number from the open interval (0,1), we obtain the desired 
inequality. The proposition is proved. □ 

The aim of the remaining part of the present paper is to support the con- 
jecture on characterization of extendedly stable classes which was formulated 
in [01] (section 6.36). 
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Recall necessary definitions. 

Let r be a set, and let /i(r) be the corresponding space of functions on 
r. Let X be a Banach space. By Zoo(r, X) we denote the space of bounded 
functions x .V ^ X with the sup-norm. 

Let A be a subset of the unit sphere of /i(r). For every a G A we introduce 
a linear operator from 1^{T,X) into X defined by the rule 

^ 5I«(7)2;(7)- 

This operator will be also denoted by a. It is clear that the norm of this 
operator equals 1. The supremum of those 5 for which there exists x e 
S'(/oo(r, -^)) such that inf^e^ > is called the index of A in X and 

is denoted by h{X, A) 

It is known (see [01] (section 6.27)) that for many common proper- 
ties of Banach spaces (rcficxivity, B-convcxity, Banach-Saks property) sets 
r, ^4 C S'(/i(r)) and r > can be chosen in such a way that the absence 
of the property for a Banach space X is equivalent to each of the following 
inequalities: 

h{X,A) > 0; 
h{X, A) > T. 

Properties admitting such descriptions are called li-properties. It is not hard 
to verify that /i-properties are extendedly stable (see [01], Proposition 6.21). 

In [01] I conjectured that the converse is also true, more precisely, that for 
every cardinal number a the intersection of every extendedly stable property 
with the set of Banach spaces with density character less than a is an li- 
property. 

We shall prove several results supporting this conjecture. In passing we 
shall find new classes of /i-propcrtics. 

We introduce a subclass of the class of all /i-properties and prove that all 
known at the moment extendedly stable classes belong to this subclass. 

Definition 1. Class P of Banach spaces will be called a regular li- 
property if there exist a real number 5 > 0, a set P and a subset A C S{li{r)) 
satisfying the conditions: 

1. The set A consists of finitely non-zero vectors. 

2. li ao E A then A contains all vectors a e 5'(/i(P)) for which 

(V7 e P)(signao(7) = signa(7)). 
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3. For a Banach space X the following conditions are equivalent: 

(a) X ^P. 

(b) h{X, A) > 0. 

(c) h{X, A) > 5. 

Supremum of those S > for which there exist F and A C S'(/i(F)) such 
that conditions 1, 2 and 3 are satisfied will be called the regular exponent oi 
class P and will be denoted by reg(P). 

When working with regular Zi-properties, we shall use the following def- 
inition and notation. Let A C S'(/i(F)). Mapping s: F ^ {0, 1, —1} will be 
called an admissible sign for A if there exists a & A such that 

(V7eF)(s(7) = signo(7)) (2) 

The set of all admissible signs for A will be denoted by S(A). Let s be 
an admissible sign for A. The set of all a G A for which (2) is satisfied will 
be denoted by A{s). It is clear that A — Usgs(A)^(s). 

When working with regular Zi -properties we shall repeatedly use the fol- 
lowing lemma. 

Lemma 1. Let F be arbitrary set and let subset A C iS'(/i(F)) be such 
that conditions 1 and 2 of Definition 1 are satisfied. Suppose the Banach 
space X and x e 5'(/oo(r,^)) are such that 

inf ||a(x)|| > c. (3) 

Then for every seS(/l) there exists a functional fg G B{X*) such that for 
every 7 Gsupps the following relations are valid: 

l/s(^(7)) \>c. 

sign/s(a:(7)) = 3(7). 

Proof. Consider the set {s(7)a;(7) : 7 Gsupps}. By condition 2 of 
Definition 1 and inequality (3), the convex hull of this set does not intersect 
the open ball of radius c centered at zero. Using the separation theorem, we 
find required functional. □ 

Now we are going to show that all /i-properties listed in [01] (section 
6.27) are regular /i-properties. Here 1 should note that at the moment I do 
not know Zi-properties which are not regular. 
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1. Reflexivity. Description presented in [01] (in 6.19) doesn't satisfy 
condition 2 of Definition 1. Nevertheless reflexivity is a regular /i-property. 
In order to prove this assertion we need another description of reflexivity (see 
[Bl, p. 51]): 

Let X be a Banach space. The following conditions are equivalent: 

(a) X is non-reflexive. 

(b) For every 6*, < 6* < 1, there exist a sequence {xfej^gN in S{X) and 
a sequence {/n}n6N in S{X*) such that: 



fn{Xk) = 



6*, if n < /c, 
0, if n > k. 



Let A C S{li) be the set of all finitely non-zero vectors a = {ak}kLi such 
that for some n G N (depending on a) we have Ofc < when k > n and 
Ofc > when k < n. It is clear that this set satisfies conditions 1 and 2 of 
Definition 1. 

Let X be a Banach space. Let us prove that the following conditions are 
equivalent. 

(a) X is non-refiexive. 

(b) h{X,A) > 0. 

(c) h{X,A) > 1/3. 

Since the set A contains the set considered in [01] (6.19), we need to 
prove implication (a)=^(c) only. 

Let a ^ A and let n £ N be such that Ojt < when k > n and Ofe > 
when k < n. We have 

oo n— 1 oo 

k=l k=l k=n 

oo oo 

k=l k=n 

Hence 

oo oo 

(/l - 2/n)(X!«fc^fe) = 0j2\(^k\ = 0. 
k=l k=l 

Therefore ||a(2;)|| > 0/3. Since the description above is vahd for every ^ < 1, 
it follows that h{X,A) > 1/3. 
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2. It is known (see [01], Example 6.20) that for every uncountable car- 
dinal a the class of all Banach spaces with density character less than a is 
an Zi-property. But the sets introduced in [01] do not satisfy Condition 2 
of Definition 1. Nevertheless these properties are regular /i-properties. This 
can be shown in the following way. Let a be an uncountable cardinal and 
let r be a set of cardinality a. Let us introduce subset A C 5'(/i(r)) as the 
set of all vectors with two-point support. It is clear that this set satisfies 
conditions 1 and 2 of Definition 1. 

Let X be a Banach space. The following conditions are equivalent: 

(a) densX > a. 

(b) h{X,A) > 0. 

(c) h{X,A) > 1/3. 

Since the introduced set contains one considered in [01] (6.20), then we 
need to prove the implication (a)=^(c) only. 

Let X be a Banach space with densX > a. We may consider F as a set 
of all ordinals which arc less than the least ordinal of cardinality a. By well- 
known arguments (see [KKM, p. 98]) we can find subset {a;(7)}^6r C S{X) 
such that for every 7 e F we have 

dist(a;(7), \m{x{/3) : /5 < 7}) > 1 - e. 

It is easy to verify that for every pair {j3, 7} C F with /3 7^ 7 we have 

inf{||ra;(7) + sa;(/?)|] : r, s e R, |r| + |s| = 1} > (1 - £)/(3 - e). 

Therefore for every a e A we have ]|a(a;)|| > {1 — e)/{3 — e). Since e is 
arbitrary, then h{X,A) > 1/3. 

3. The class of finite dimensional Banach spaces. In this case we take 
F = N and A C >S'(/i) being the set of all vectors with two-point support. 
Using arguments from the previous example it is easy to verify that for a 
Banach space X the following statements are equivalent 

(a) X is infinite dimensional 

(b) h{X,A) > 0. 

(c) h{X,A) > 1/3. 

Furthermore, using the main result of [P] it can be shown that the state- 
ments (a)-(c) are equivalent to h{X,A) > 1/2. 

The sets introduced in [01] (see 6.27) in order to describe classes 4-7 
below satisfy all conditions of Definition 1. So these classes are regular li- 
properties. 
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4. The class of Banach spaces whose dimension is not greater than n (for 
every n G N). 

5. S-convexity. 

6. The class of Banach spaces not containing isomorphic copies of li. 

7. Alternate signs Banach-Saks property. 

8. Super-rcflexivity. Subset of 5'(/i) introduced in [01] to describe this 
property does not satisfy condition 2 of Definition 1. Therefore we introduce 
another subset A C S{li). Let A be the set of all vectors of the following 
form: 

(0, . . . ,0,ai, . . . ,an,0, . . .), 

where {oj}"^^ are such that for some k e {1, . . . , n + 1} wc have > when 
i < k and flj < when i > k, and ai is preceded by n{n — l)/2 zeros. 

It is clear that A satisfies conditions 1 and 2 of Definition 1. 

Let X be a Banach space. Prove that the following conditions are equiv- 
alent: 

(a) X is not super-reflexive. 

(b) h{X,A) > 0. 

(c) h{X,A) = 1. 

Since the set A contains the set considered in [01] the only thing which 
we need to prove is that (a) imphes (c). In order to do this let us recall [Bl, p. 
270-271] that in every non-supcr-rcflcxive space for every £ > and n e N 
there exists a set {xi, X2, ■ ■ ■ , Xn} C B{X) such that for every 1 < k < n we 
have 

\\xi + . . . + Xk - Xk+i - ■ ■ ■ - Xn\\ > n{l - e). 

Let {ai}"^i be any sequence satisfying the conditions above with k < n 
(the case A; = n -I- 1 is easy). It is clear that 

n k n 

W^diXiW > \\xi + . . . + Xk-Xk+i-. . .-Xn-^il-ai)xi+ ^ {l + ai)xi\\ > 

1=1 i=l i=k+l 

k n 

n(l-£)-(^|l-a,|+ Yl + = 

1=1 i=k+l 

k n 

^i-^)-E(i-kl)- E (i-kl) = 

i=l i=k+l 

n{l — e) — {n — 1) = 1 — ne. 
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The implication (a)^(c) can be easily derived from this estimate. 
9. Banach-Saks property. 

Consider the set A C S{li) consisting of all vectors satisfying the condi- 
tions 

(a) The cardinality of support is not greater than the least of its elements. 

(b) For every {0^}^^ there exists n e N such that > ii k < n and 
Ofc < if A; > n. 

B.Beauzamy [B2] proved that a Banach space has Banach-Saks property 
if and only if it is simultaneously reflexive and has alternate signs Banach- 
Saks property. Using this result, characterization of alternate signs Banach- 
Saks property (see [01] (6.27.8)) and the above characterization of reflexivity 
it is not hard to verify that the following statements are equivalent: 

(a) X is not Banach-Saks 

(b) h{X,A) > 0. 

(c) h{X,A) > 1/3. 

Proposition 2. Let {Pa}aec be some set of regular h-properiies and the 
inequality 

inf regPa > 

is satisfied. Then UaecPa is a regular li-property andmgiUa^cPa) ^ infa regPo,. 

Proof. Let e be an arbitrary number from the open interval (0,1). Let 
Fq, and Aa C S{l-i(Ta)) (a G C) be such that A^ satisfies conditions 1 and 
2 of Definition 1 and for a Banach space X the following statements are 
equivalent: 

(a) X i P„. 

(b) h{X,Ao,) > 0. 

(c) h{X,Aa) > (l-£)regP„. 

Let F = Uaec'^a- Let A C S'(/i(F)) be the union of natural images of A^ 
in S'(/i(F)). It is clear that A satisfies conditions 1 and 2 of Definition 1. 

Let X be a Banach space. It is easy to see that the following statements 
are equivalent: 

(a) X i (UaecPa). 

(b) h{X,A) > 0. 

(c) h{X,A) > (l-e)inf„gcregP,. 

Since s e(0,l) is arbitrary, the proposition is proved. □ 
Definition 2. Let P be some class of Banach spaces. Preclass of P is 
defined to be the class of all Banach spaces whose duals belong to P. Preclass 
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of P is denoted by pre(P). 

It is known that if P is extendedly stable then pre(P) is also extendedly 
stable (for different versions and proofs of this result see [J], [AAG] and [01] 
(Proposition 6.34)). 

Theorem 1. If P is a regular li-property then pre(P) is also a regular 
li-property anc? reg(prc(P)) >rcg(P). 

Proof. Let 6 be an arbitrary number from the open interval (0,1). Let us 
choose a set F and a subset A C 5'(/i(r)) in such a way that all conditions of 
Definition 1 with S = ^reg(P) are satisfied. Put * = S{A). Let D C ^(/i(^)) 
be a subset consisting of all finitely non-zero vectors d satisfying the following 
condition. If suppd = {si,...,s„}, then for some 

7 e n^^isupp s„ 

we have 

(yie {l,...,n})(signd(s,) = s,(7)). 

It is clear that D satisfies the conditions 1 and 2 of Definition 1. In order 
to prove Theorem 1 it is sufficient to prove that the following statements are 
equivalent. 

(a) X ^pre(P). 

(b) h{X,D) > 0. 

(c) h{X,D) > 9reg{P). 

It is clear that we need to prove implications (a)=^(c) and (b)^(a) only. 
Let S be an arbitrary number from the open interval (0,1). Let X ^pre(P) . 
It means that X* ^ P. Let vector x* e S{loo(r,X*)) be such that 

inf ||a(a;*)|| > OSregP. 

By Lemma 1 we can find for every s e S(A) a functional fs G B{X**) such 
that for every 7 G supps we have |/s(a;*(7))| > SOreg^P) and sign/s(x*(7)) = 
3(7). It is clear that we may suppose that ||/s|| < 1. 

Further we shall repeatedly use the following statement which goes back 
to E.Helly (see [Bl, p. 52]). Let / e X** and ||/|| < 1. Let {a;*,a;*, ...,<} 
be a finite subset oi X*. Then there exists a vector x E X such that \ \x\ \ < 1 
and x*{x) = f{x*) for every i G {1, . . . , n}. Every such vector we shall call a 
reflection of f with respect to {xl, X2, . . . , }. 
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Let {a;(s)}se* be some reflections of {/s}se* with respect to sets 

{x (7)}7Gsupps- 

Let d & D. Let us estimate from below the value ||(i(a;)||. Let suppd ~ 
{si, S2, . . . , s„}. Let 7 e n^^^suppSj be such that sign(i(si) = 81(7) for i e 
{1, . . . , n}. We have 

n n 

\\d{x)\\ = II ^ci(s,Ms,)|| > x*{^){J2d{sM^i)) = 
1=1 i=l 

n n 

^ci(s,)^(a;*(7)) =Es^(7)M(sO|s.(7)|/s,(:^*(7))l > <^^reg(P). 

i=l i=l 

Since 6 is arbitrary number from the open interval (0,1), the argument above 
implies that (a)^(c). 

Let us turn to the implication (b)^(a). Let h{X,D) > e > 0. By 
Lemma 1 and weak* compactness of B{X*), for every 7 e F we can find 
x*{'y) e B{X*) such that |x*(7)x(s)| > e and sign(x*(7)x(s)) = 3(7) for 
every s for which 7 esupps. Let a e A{s). We have 

II E «(7)a^*(7)ll > ( E = E l«(7)|s(7)k*(7)a;(s)|s(7) > e. 

7gr 7esupps 

Hence X* ^ P and X ^ pre(P). Theorem 1 is proved. □ 

Remcirk. If property P has a concrete description as a regular li- 

property, then the proof of Theorem 1 gives us a concrete description of 
pre(P). Hence wc obtain e.g. a description of pre-Banach-Saks property. 

Definition 3. Let P be a class of Banach spaces. Coclass of P is defined 
to be the class of all Banach spaces for which the quotient space X** /X is 
in P. Coclass of P is denoted by P'^. 

J.Alvarez, T.Alvarez and M.Gonzalez [AAG] proved that the extended 
stability of P implies the extended stability of P*^". Our aim is to prove the 
following result. 

Theorem 2. Let P he a regular h-property. Then P^° is also a regular 
li-property. 

Proof. Let a set F, a subset A C S'(/i(F)) and a number 5 > be such 
that all conditions of Definition 1 are satisfied. Let be the set of all triples 
(7, a, k), where 7 e F, a is a finite subset of S{A), /c e N. 
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We define subset E C S'(/i(\t')) in the following way. Let {ai, ... ,ar} 
be a finite collection of finite subsets of S{A) such that the following two 
conditions are satisfied: 

For some m e {1, . . . , r — 1} and some finite subset a C 8(^4) we have 
a D ftfc for A; G {1, . . . , m} and a C for A; G {m + 1, . . . , r}. 

Let n G N and s G n^^;^Q;fc. We define E{{ai, . . . , a^}, s, n, m) as the set 
of finitely non-zero vectors of satisfying the following three condi- 

tions. 

(a) Their supports are contained in the union of the following two sets: 

supps X {ai, am} x {1, . . . , n}, 

supps X {am+i, ...,ar}x{n+l,...}. 

(b) The signs of all non-zero coordinates corresponding to the triples 
(7, ttfc, j) of the first set are equal to 3(7). 

(c) The signs of all non-zero coordinates corresponding to the triples 
(7, Q;fc,j) of the second set are equal to —8(7). 

The union of all sets E{{ai, . . . , ar}, s, n, m) constructed in the described 
way we shall denote by It is clear that E satisfies Conditions 1 and 2 of 
Definition 1. 

Let X be a Banach space. Let us show that the following statements are 
equivalent. 

(a) X i P^°. 

(b) h{X,E) > 0. 

(c) h{X, E) > 5/3. 

It is clear that we need to prove the imphcations (a)=^(c) and (b)=^(a) 
only. 

Let us start with the implication (a)=^(c). Let < ^ < 1. By Lemma 
1 we can find u G S{loo{T,X** / X)) such that for every s G S(A) there 
exists /s G {X**/Xy ^ X^ C X*** such that ||/s|| < 1 and for every 
7 G supps wc have \fs{u{'y))\ > 56 and sign/s(M(7)) = §(7). It is clear that 
all conditions above are satisfied for some u G /oo(r,X**/X) satisfying the 
inequality \ \u\ \ < 1. So we shall suppose that ||m|| < 1. 

Let x**{'j) G X** (7 G r) be such that the image of a;** (7) under the 
quotient mapping X** X**/X coincides with ^(7) and ||x**(7)|| < 1. 
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Now we define x G S'(/oo(^, -^)) for wliicli infeg_B ||e(x)|| is "large". Tliis 
function will be defined in stages. At first we define this function for triples 
(7, a, k) with one-element set a, then for triples with two-element set a, etc. 

It is clear that it is sufficient to define x^j, a, k) only for those triples for 
which 7 G UseaSupps. (Since for other triples (7, a, k) the numbers 6(7, a, k) 
are equal to zero for every e E E and so x(7, a, A;) can be defined arbitrarily.) 

In the course of construction we shall also define functionals f{s,a,k), 
where a is a finite subset of S{A), sea and k eN. 

For one-element sets a we define ^(7, a, k) by induction on k. 

1. Let a = {s}. 

1.1. Define /(s, {s}, 1) as a reflection of fs with respect to {x**{'~f) : 7 G 
supps}. Let x{'j, {s}, 1) be reflections of {a;**(7) : 7 G supps} with respect 
to {/(s,{s},l)}. 

l.k. Define /(s, {s}, k) as a reflection of fs with respect to 

{a;** (7) : 7 G supps} U {^(7, {s},j) : 7 G supps, j = 1, . . . , A; - 1}. 
Let x{j, {s}, k) be reflections of {x**{'j) : 7 G supps} with respect to 
{/(s,{s},j): j = l,...,A;}. 

Let us suppose that we have already constructed ^(7, a, k) for all (m — 1)- 
element subsets a C S(yl). 

m. Let a = {si, . . . , Sm}- By suppa we shall denote U^^supps^. 

m.l. Define {/(sj,Q;, 1)} as a refiections of /g. with respect to {x**{'-f) : 
7 G suppa}. Let {x(7, a, 1) : 7 G suppa} be reflections of {a:**(7) : 7 G 
suppa} with respect to {/(s, /3, 1) : /3 C a, s G P}. 

m.k. Deflne {/(Sj, a, k)} as a reflections of /g. with respect to 

{x**(7) : 7 G suppa} U {^(7, (3,j): (3 C a, 7 G supp/3, j = 1, . . . , A; - 1}. 

Let {x{'j,a,k)} be reflections of {a;** (7) : 7 G suppa} with respect to 
{f{s,P,j) : P Ga, se P, j ^l,...,k}. 

Let us show that 

{yeeE){\\e{x)\\>6e/3). 
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Let e e E{{ai, . . . , ar}, s, n, m), where s e fl^^j^aj. We have 

m n r oo 

e(x)^ J2 (ime(7,ai,^)a;(7,ai,^) + H H e(7, a^, A;)a;(7, a^, A;)). 

7€supps j=l k=l i=m+l k=n+l 

Therefore we have 

m n 

/(s,{s},l)(e(x))= 5: (5:5:e(7,«„^K*(7)/(s,{s},l)+ 

7esupps i=l fc=l 

r oo 

Y: E e(7,aaK*(7)/(s,{s},l)) = 

i=m+l k=n+l 

m n r oo 

E (EE Ie(7,«.,^)ll/s(x**(7))|- E E |e(7,«.,^)||/s(x**(7))|) 

7esupps 1=1 A;=l i=m+l k=n+l 

According to definition of m there exists a C S{A) such that U^^ctj C a 
and Q! C Q!i when i > m + 1. We have 

m n 

/(s,a,n+ l)(e(x)) = E (E E ^(7, "i, «, + l)a;(7, a^, + 

7esupps i=l k=l 

r oo 

E E e(7,Q;j,/i;)/(s,Q;,n+ l)x(7,Q;j,/c)). 

i=m+l fe=n+l 

Since ctj C a if i < m and /g G X"*" then the first sum equals zero. Since 
a G ai when i > m, the second sum can be rewritten in the following way: 

r oo n oo 

E E e(7,a,,A;K*(7)/(s,a,n+l) = - E E |e(7, |/s(x**(7))|. 

m+l A;=n+1 i=m+l fe=n+l 

Hence 

2|/(s, a,n+ l)(e(:x-))| + /(s, {s}, l)(e(x)) = 
EEEl<7,«.,^)ll/s(:^**(7))l>5^- 

7 i 

Therefore ||e(x)|| > 56/3. Since ^ is arbitrary, the implication (a)=^(c) is 
proved. 

Now we turn to the implication (b)=^(a). Let h{X, E) = t > 0. Let 9 be 
arbitrary number from the open interval (0,1) and let x e S'(/oo(^, -^)) be 
such that infegE ||e(a;)|| > t9. 
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The set of pairs («, k), where a is a finite subset of S{A) and /c G N is 
a directed set with respect to the natural order. Let U be some ultrafilter 
which majorize the filter induced by this order. Let 

x**{'j) = w* — lima;(7, a, k) (7 e F). 

Thus we defined x** e B{loo{T, X**)). It is clear that in order to finish the 
proof of Theorem 2 it is sufficient to prove that 

(VaeA)(||(^^a(7K*(7)||>r^/2, 
7 

where (p is the quotient mapping (p : X** — > X**/X. 

Assume the contrary, i.e. there exists a & A and x & X such that 

||^a(7)a;**(7) < re/2. 

7 

By the definition of x**(7) for every finite subset ao C 8(^4) and every ko & N 
we have 

^ a(7)x**(7) ew*- cl{^ a(7)x(7, a,k) : a D ao, k> ko}. 

7 7 

By Proposition 6.30 of [01] we can find a collection {ai, .... a„i} of finite 
subsets of S{A), real numbers ri, . . . , > with Ti — 1 and numbers 
/ci, . . . , A;^ e N such that signa e n™ and 

m 

||^a(7)a;**(7) - ^a(7)a;(7, a^, A;i)|| < rO. 
7 «=i 7 

Using Proposition 6.30 of [01] once more we find a collection {a^+i, . . . , ct^} 
of finite subsets of S(A), satisfying the condition C^l=jn+i'^i ^ ^iLiO^h real 
numbers Tm+i, . . . , > with Ti — 1 and numbers k^+i, . . . ,kr 

such that 

max ki < min /cj 

l<i<m m+l<i<r 

and 

1 1 Yl «(7)2^**(7) - H ^ a(7)x(7, Qii, ki)\\< tO. 

7 i=m+l 7 
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Hence 



i=l 7 i=m+l 7 

It remains to note that the vector in the left-hand side of this inequahty has 
the form 2e{x) for some e E E. We arrived at a contradiction. The theorem 
is proved. □ 
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